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SUMMARY

A new finite element formulation designed for both compressible and nearly incompressible viscous flows
is presented. The formulation combines conservative and non-conservative dependent variables, namely,
the mass—velocity (density = velocity), internal energy and pressure. The central feature of the method is
the derivation of a discretized equation for pressure, where pressure contributions arising from the mass,
momentum and energy balances are taken implicitly in the time discretization. The method is applied to
the analysis of laminar flows governed by the Navier—Stokes equations in both compressible and nearly
incompressible regimes. Numerical examples, covering a wide range of Mach number, demonstrate the
robustness and versatility of the new method. Copyright © 2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Most numerical methods for the analysis of compressible fluid dynamics present difficulties
when applied to low-speed (nearly incompressible) flow problems. The difficulties originate
from the fast propagation of pressure waves, as flow conditions approach the incompressible
limit. In such cases, the accurate representation of pressure transients requires the use of
extremely small time steps, which are unaffordable in practical applications. Conversely, the
use of time steps larger than the typical pressure time scale results in errors that may lead to
numerical instability. In particular, if an explicit time approximation of pressure is adopted—a
usual choice in algorithms for high-speed compressible flows—such errors grow during the
computation and stability is rapidly lost.

Nearly incompressible flows, i.e. flows characterized by very small Mach number, are
usually approximated as fully incompressible. Thus, compressibility effects are eliminated from
the start, at the modelling level, prior to considering any particular discretization method. This
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is achieved by a change of the physical and mathematical model, where the original mass
conservation law and state equation are replaced by the incompressibility constraint, requir-
ing the velocity field to be divergence-free. In such a context, pressure is no longer a
thermodynamic property related to density through a state equation. Most importantly, the
pressure hyperbolic character and the associated wave-like pressure propagation disappear
from the model. Instead, in a fully incompressible flow, pressure takes an elliptic character:
it must be determined from the momentum balance and boundary conditions in such a way
that the incompressibility constraint (V-u=0) is enforced at all times.

Because of these distinct mathematical characters, i.e. hyperbolic versus elliptic pressure
behaviour, it is not surprising that methods for the discretization of compressible and
incompressible flows have developed independently and, to some extent, apart. The compu-
tational fluid dynamics (CFD) literature reflects this dichotomy and most papers are
devoted specifically to either compressible or incompressible fluid flow applications. Only
recently has the literature clearly indicated the interest in numerical schemes appropriate to
all speed regimes. The development of methods for a wide range of Mach numbers is
welcome to the analysis of many flow problems involving simultaneously both the com-
pressible and the nearly incompressible behaviour. In fact, even in the high-speed compress-
ible flows of the aerospace industry, the nearly incompressible behaviour is present near
solid walls and leading edges.

Different approaches have been pursued in the development of methods for all-speed
fluid flows. Karki and Patankar [1] and Maliska and Silva [2] introduced finite volume
pressure based methods obtained through the extension of schemes originally developed for
incompressible problems. The works of Chen and Pletcher [3] and Azevedo and Martins [4]
are examples of classical finite volume compressible methods modified in order to deal with
incompressible flows. In the finite element context, Zienkiewicz and Codina [5] used frac-
tional steps and characteristic Galerkin approximations to derive their all-speed formula-
tion.

In this paper, a unified treatment for the analysis of both compressible and nearly
incompressible flows is presented. Although the discussion has been restricted to laminar
flows governed by the Navier—Stokes equations, the methodology proposed can be readily
extended to accommodate the Reynolds-averaged equations and turbulence closure models.
The formulation is written combining conservative and non-conservative dependent vari-
ables. These are the mass—velocity vector (density=*velocity), internal energy and pressure.
Linear finite elements are used to approximate the field variables.

An important feature of the method is the implicit time discretization of the mass
balance and of the pressure terms appearing in the momentum and energy equations.
Petrov—Galerkin weighting functions, derived from a least-squares procedure, are employed
in the momentum- and energy-weighted residual statements. The resulting formulation auto-
matically introduces streamline upwinding [6] and pressure stabilizing terms. Moreover, the
method retains stability, despite ignoring the short time scales associated with the fast
pressure transients of nearly incompressible flows.

Numerical examples are presented. Steady and unsteady flow simulations, covering a
wide range of Mach numbers, demonstrate the robustness and versatility of the new
method.
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2. THE CONTINUUM MODEL

We present here the continuum model used in our description of compressible viscous flows.
The problem is defined on the open bounded domain Q, with boundary I', contained in the
nsd-dimensional Euclidean space. The governing equations are written using the summation
convention for a=1,...,nsd and b=1, ..., nsd, in Cartesian co-ordinates, as

Conservation of mass

o, 26, _

ot Ox 0 0

a

Conservation of momentum

oG, G, % 0ty Op

L—" 2
ot T ax, Tax, O ax, Tox, P &)

Conservation of energy

de de ou, 0q, ou,
C o, )y p e Y e, 3
p(at ti ax,,> tP o Ty, o, )

Constitutive equations for viscous stress and heat flux

2 (ou Ou, Ouy
= ——ul=—1o S+ — 4
Tab 3 ﬂ(a)ﬂ) ab+ﬂ<axb+ ax“>a ( )
oT
qp = *’Cai- (5)
Xb

Thermodynamics (ideal gas)

== 1Dype, ®)
e=c,T, 7
=" ®)

In the above equations u,, p, e, p and T denote the velocity, pressure, internal energy,
density and temperature fields respectively. The mass—velocity (density=velocity) is repre-
sented by G,= pu,. The gravity field is g,. The symbols u, x, ¢, and ¢, represent the fluid
properties of viscosity, thermal conductivity, specific heat at constant volume and specific heat
at constant pressure respectively.
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Note that using the mass balance (1) and the state equation (6), the energy equation (3) can
be alternatively written as

Oe Oe aq, du, dp ap
C o, )y - L 9
p <az ti 6x,,> Yoy, “ax, ot Yox, ©

The above form of the energy equation will be also used in the derivations presented in the
next section.

2.1. Using the state equation to eliminate density

The governing equations can be recast as follows, where density is eliminated from the mass
balance and the gravity field potential ¢ is introduced:

Conservation of mass

’

517
ot

0G,
ﬁ' +(1+ )6xu:0' (10)

a

Conservation of momentum

oa, 0G, Ou, 0T 1 op’ o Lo de
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ot T 0x,, * ox, ¢ 0Ox, + <1 + ocgo> ox, \l+oap PEat 1 +ap) 0x, (an

Conservation of energy

de de ou,  0q,, du,,
B S 12
<al+ub5 >+(p +p0 pgo) +a b abaxb ) ( )

or, corresponding to Equation (9),
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ik U e’
ox,) 0x, “0x,

6p 1 ap’ 1 Lo de 6G,,
— |G — Jup — 13
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The modified pressure p’, the gravity field potential ¢ and the thermodynamic properties o
and f are given by

pP'=p—Dpotpo, (14)

Q= —gX= —gpXp, (15)
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ap 1 P
* (@l G—De p’ (16
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and p, is the reference pressure for the problem at hand.

2.2. Governing equations in non-dimensional form

Let us define non-dimensional variables, denoted with an asterisk *, which are related to the
original dimensional variables according to

Ug= uo”j;a p/ = pOuép*n T= TO(T* + 1): Gb = pOuOG?:a

e=eye*+1), p=pop*  ¢=glLe* g.=glg%, a18)
/"zin:u*s KZKOK*a xazLx?;» IZLI*/Z"O’

o= o*fug, B = B*poleo

where the subscript zero ‘0’ indicates reference values and L is the reference length. In terms
of the non-dimensional variables, the governing equations become

Mass conservation
Lot de* a*p*\ 0G*
o Pt < Fr? > o 0 (19

Momentum conservation
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Energy conservation
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21

or, corresponding to Equation (13)

de* . de* Y g% _ vEc ou*
7 +

or* tu 6xb ReProx¥  Re T ox¥

ap (11— de*  o* 0G*
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where
®, = Fr";";q) (23)
®, = Frﬂ‘j"up (24)
e (e 2)
gi=— ng 26)

. Ly —1+yEcp* |
yEc ’
[(y—l)(e*+1)+ﬂzqa*}

27)

e* = T, (28)

and the non-dimensional groups of Reynolds, Froude, Prandtl and Eckert are given respec-
tively by

_ PottoL _ Ko

Re .
Mo ’g‘L Ko ¢, Ty

(29)

Remarks

(1) In aeronautical applications it is usual to parameterize problems using the Mach number
M rather than the Eckert number Ec. For ideal gases, the relationship between these
non-dimensional groups is

Ec=(y—1)M>. (30)

(2) In free convection applications, problem data usually include a reference temperature
difference A0 rather than a reference velocity u,. However, it is a simple matter to define a
reference velocity u, using the given Af and the fluid volumetric thermal expansion coefficient
p.. Indeed, if the reference velocity u, is chosen as u,=(f,A0|g|L)"?, then the squared
Reynolds number becomes the Grashof number, Gr= Re®=pj|g|f,AOL?/uj, which is a
non-dimensional group usually employed to parameterize free convection problems.

In the remainder of this work we shall deal exclusively with the non-dimensionalized
equations and the asterisk *—used to indicate non-dimensional quantities—will be dropped.
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3. THE DISCRETIZATION AND SOLUTION SCHEMES

Linear Lagrangian finite elements are employed to represent the mass—velocity, pressure and
internal energy fields. The central feature of the method is the derivation of a discretized
equation for pressure, where pressure contributions arising from the mass, momentum and
energy balances are taken implicitly in the time discretization. The Galerkin method is used to
obtain the discretized pressure equation, while a Petrov—Galerkin/least-squares based ap-
proach is used in the derivation of the discretized equations for mass—velocity and internal
energy.

The problem is solved using a segregated solution procedure. Once the pressure field is
found, the algorithm proceeds with the computation of the mass—velocity and internal energy
fields. The cyclic update of pressure, mass—velocity and internal energy requires the solution
of symmetric systems of equations. This is accomplished with preconditioned conjugate
gradient solvers, suitable for parallel and vector implementation on supercomputers [7].

3.1. The equation for pressure

Let us consider the following time discretization of the mass balance (19),

o pn+l_pn B ﬂn pn+1//2 en+1_e/ +6Gz+l
At prt12 At ox,
p" Lpfe —e" o"p 0G"
_ nt 1 I I 31
pn Tz p At F? ox,’ D)

and the fractional steps approximation of the energy balance (21), represented by

(€ =€ 0 . ¢ 0 , e v_Oqy yEc , auzzo 32

P < At + O 0x, + 02 0x, + RePr dx, Re Fav ox, (32)
ettt —e Ec ou’l

pn+1/2< Y >+<V_1+VECPHH_JI}:;,2PHH/2(/’>5XZ:0' (33)

In the above equations, the superscripts n and n + 1 denote the time level and At is the time
step. Here, the parameters 6, and 6, =1 — 4, control the implicitness in the time discretization
of the convective term (explicit for #, = 0 and implicit for #, = 1). Unless otherwise stated, we
shall employ ¢, = 0.5 in our computations.

The mass—velocity, pressure and internal energy fields at time level k are interpolated as
G% = N,G%, p*=Np* and e =N, e respectively, where N, represents the linear Lagrangian
shape functions and G%, p¥ and e} are the corresponding nodal values at time level k.

When splitting the energy balance into Equations (32) and (33), we have isolated the term
representing the compressible contribution in Equation (33). Equation (32), on the other hand,
retains the remaining terms, typical of incompressible applications.

From Equations (31) and (33), we obtain
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pn+1 _pn ﬁn '}/EC ) auz 6GZ+1
n . _1 E. n+1__ /7~ ‘n+1/2 _a
” ( At >+p"“/2 |:y +rhep mr ? ﬁxa+ ox,

p" Lpfe —e" oa"p 0G"
= fpn+12fZ_~ )| . 4
pn+l/2 p At Fr2 ox, (34)

Using the Galerkin method, we obtain the following weighted residual approximation of
Equation (34):

a™  yEcf™ 0dl\ 6GZ+1
N[ & , "1 Q) O
L ’<A1+p”+"2ﬁxh>p d +L ox, d

nAn ﬂn M VEC 1_ ,1612"
JN,A dQ+JN,(e 140+ | N p5et o s do

a n
J ;f ,. G “dQ, 'V free pitl. (35)
19 X

In the above equation, the weighting functions N, are the shape functions associated with the
free nodal pressure variables p7?*'. The density p” '/ is computed as follows, using a Taylor
series expansion from time level » and the mass balance,

At 3p” AtaG”
n+1/2 __  n _ n
g P T T 2 i,

(36)

while p”, o” and f" are evaluated as constants within each finite element (they are obtained
from the internal energy and pressure defined at the element baricentre).
Returning to Equation (35), let us now integrate by parts the mass—velocity divergence term

oG +1 ON, - .
N,—“—dQ=—| —G"*'dQ+ | N,G"*'n,dI, (37)
o 0x q 0x, r

a

where n, denotes the outward normal vector at the boundary I'. Using a Taylor series in time
and approximating the momentum balance (20), the above equation yields

oG +1 ON. [ ~ oGn+0 R
JN,- a sz—J’<G’;+At - >dQ+JN,-G2“n,,dF
Q

ox, 00X,
ON, (. oGr ouy . 1 ot pt @ ,
= t ‘ n a Tab 1—® nt 172
_[ 0x, < " ox, + ox, “ Re ox, +( ) ox, Fr? Ea
oe" ON; .
+0,% Jao— ndQ+ | N,G2t'n, dr. (38)
6x,, O axa T

Note that the pressure gradient term, which arises from the momentum balance, is
approximated with a fully implicit time discretization. Using integration by parts again,
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59
oGn+! oG . .
j N,—= dQ:f — dQ—i—J NG+ — G"n, dT
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a
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——p" 0] dQ.
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(39)

Boundary conditions for pressure and mass flux are prescribed on non-overlapping parts of
the boundary I', and I'g, such that I')uTl';=1 and I',nI'; =, as

p=p onl, (40)
Gn,=G on I 41)
It is important to recall that the weighting functions, N,, are associated with the free pressure

nodal values and thus vanish on the I', part of the boundary, where pressure is prescribed
Thus, after considering the above boundary conditions, Equation (39) yields

oGu! aG" _ _
N,——dQ = 2 dQ + N,(G"t!'—G")dI’
Q 0x, Q ax g

a

aN,' ” aGAZ 6122 -~ 1 a‘Z:ah pn+l
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a

a
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The boundary term in the above equation disappears if the specified mass flux on I'; does not

vary in time. In particular, it vanishes at solid walls or when steady state solutions are sought
Introducing Equation (42) back into the pressure equation (35), we obtain

o ypEcB" oar\ | aN opn !
N|—+— "1 dQ At(l — dQ =
L ’(At—’_p”“/2 6x,,>p +L ( x, 0x,
n ) ﬂn . ) aN aé‘n
N,— p"dQ N;,— (' —¢é") dQ A ”“’2 dQ — AtCD dQ
L lAtp +JVQ IAZ (e e) + o thp ga 2
ON, [ oG" . yEc 1—y 612" " aG"
iy G!dQ N;| — =" —dQ — >N, —*dQ
J‘ ox, < " ox, ") +L ’<Fr2 g0+p"“’2>ﬁ ox, j Fr* ' ox,
6 e = =
— 2dQ — N(G"t'—G"dI', V free pt+l. (43)
Q axa I'g

The pressure equation (43) involves pressure terms arising from the mass, momentum
and energy (compressible part) equations

. Most importantly, these pressure terms are
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approximated using a fully implicit time discretization, which introduces numerical damping of
pressure errors. This permits retaining stability in the pressure computation, despite ignoring
the short time scales associated to the fast pressure waves that characterize nearly incompress-
ible flows.

It is important to note that before Equation (43) can be solved, one has to determine the
internal energy field é’ corresponding to the solution of Equation (32). This task, which can be
regarded as a pre-processing for the pressure update, is described next.

The local residual of the incompressible part of the energy equation (32) is written as

s Ant1p e —eé" 0”’% Hmﬁé" y 04y vEc,, dug 44
fe=? < At + 0 6xb+ 2o 0x,) ReProx, Re Fab ox,’ “44)
where é' = Ne’.
The summation of squared residuals on the domain is given by
S= J AP, dQ. (45)
Q

For the time being we do not specify any particular spatial discretization for §, and 7,, and
treat the viscous and heat flux contributions as source terms at time level #.

Minimizing the squared residuals S with respect to the free nodal values ¢ and choosing
J=At/p"+ 12 we obtain the following Petrov—Galerkin weighted residual statement,

ON. An+1/2 0é’ oé"
f <N,- +0,At i ) p (é’ ey 0,A0 a1 0, i e> o
Q

ox, At P ox, 0x,
. ON; y 04y vyEc . oull
+ A+ 0,Ati— || ——— —— 1" Q= fi L 4
L(N, 0,At a” axc>< ePr 0x, S fav o, d 0, V free e; (46)

Note that the weighting function in Equation (46) has the same structure of the streamline
upwind Petrov—Galerkin (SUPG) weighting function [6], but depends on the time step and on
the degree of implicitness used. For #, =0.5, an appropriate amount of streamline upwinding
is introduced if one adjusts the time step according to the so-called optimal upwind parameter
[6]. We shall return to this point in Section 3.4, when discussing the local time stepping
procedure adopted in this work.

Internal energy and heat flux boundary conditions are prescribed on the boundary partitions

I', and 'y, such that I', uI',=T and I',LUI', = 7, as
e=é on I, (47)
gpn,=¢ on I',. (48)

Integrating by parts the Galerkin heat flux divergence term in Equation (46) and considering
the above boundary conditions, we obtain
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. GN, pAnJrl/z . . 0é’
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ON;\ yEc . 00" 0N, ]
| (N oarar ) e Magg | L Tigngo | - Ngdr
o 0x,.) Re 0x, oRePr 0x, r RePr

¢

c

ON; y 047
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L 1At 0x, RePr 0x, do, ree ¢ “9)

At this point, we have to introduce the spatial discretization of the viscous and heat flux terms
into Equation (49). Based on Equations (25) and (26), these quantities are expressed in terms
of the discretized velocity and temperature fields as

2 [oar oan oap
an _ _Z ¢ 5 a 50
Tab 3 ﬂ(ax(> ab + 1u<axb + 6xa>’ ( )
) oT"
qZ=-—K6 , (51)
Xb

where 4}, = Nu},; and T" = N,T7} are interpolated using the linear Lagrangian shape functions

N; and the nodal values for velocity and temperature,

T =el, (52)
G,

P (53)
S

In the above equation, p} denotes the density nodal values. These are obtained through the
state equation (27) using the corresponding nodal values for internal energy and pressure.

It is important to remark that with the above approximations for heat flux and viscous
stress, the equivalence between Equation (49) and the least-squares method is lost. This is due
to the occurrence, in Equations (44) and (45), of second-order derivatives of temperature
(internal energy), which can be represented inside the finite elements, but not across element
interfaces. In the formulation adopted here, the heat flux contributions to Equation (49) are
evaluated on element interiors, following a procedure that has become standard in the context
of Petrov—Galerkin formulations [8].

Note that the implementation of the least-squares method would require either recasting the
problem in terms of first-order spatial differentials, with the introduction of new dependent
variables, or employing C, shape functions. Although no longer equivalent to the least-squares
method, the present Petrov—Galerkin formulation inherits from the former the important
mathematical properties of symmetry and positive definiteness, while retaining the use of simple
C, shape functions. It is also worth stressing that the formulation automatically introduces
streamline upwinding [6], a feature of foremost importance as far as the simulation of
convection dominated flows is concerned.
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Once the internal energy é’ is determined, the strongly implicit pressure equation (43) can be
solved for p”*+!. The next stage is the computation of the new mass—velocity G”*' and the
new internal energy é” *!. Again, Petrov—Galerkin weighted residual statements are employed
in the discretization, as described in the following sections.

3.2. Mass—velocity update

The weighted residual statement used for the mass—velocity update is obtained using the same
rationale employed in Section 3.1, when deriving the Petrov—Galerkin approximation of
Equation (32). Here, the local residual of the momentum equation (20) is

Gut'— Gy 0GR oy o 1 o Pt @
po__—a a ~n a Gn+(91_ ab 1—® 1 a2
a A T T O TRey, T T TR 8a
oé”
vo, 2 (54
0x,
where G" "' =0,G"*+' + 0,G".
The summation of squared residuals on the domain is given by
S= J AP F, dQ. (55)
Q

Minimizing the squared residuals with respect to the mass—velocity degrees of freedom G *+!
and choosing 4 = At, we obtain the following weighted residual statement

o 0N, i\ A oG +1
1+0,At N+ 0,Atd 1 G+ 0,At i —4— | dQ
L |:< - axc) " axc:| At |:< Ox. > ! A axb :|
= 14 0,At—= o N, + 0,At " oN; 1 i G" — 0,At 1} 0Ga dQ
Q ax(, a 5x1, 6xb
+f [<1+0 Ay 2 >N+9At waN]
Q axc ax(?

[1 otr, ottt @, pranr a”"

Re 0x, (=007 ox +Fr §a™ ﬁx

a a

:|dQ V free G711 (56)

Mass—velocity and traction boundary conditions are prescribed on the boundary partitions
Ig and r,, such that I'gull, =T and g oI, =, as

G,=G, onTg, (57)

a

< Ot + b>nh =17, onT,, (58)
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where J,, is the Kronecker delta. Using Green’s identity on Equation (56) and considering the
above boundary conditions, we obtain

on’ ON,
14+ 60,A N, + 0,At 4" —
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(59)

The above equation is solved for each mass—velocity component in turn (G”* !, for a = 1, nsd),
immediately after the pressure field has been determined.

3.3. Internal energy update

In Section 3.1, we have considered the energy balance in the form of Equation (21) rather than
the form shown in Equation (22). This permitted including the compressible contribution to
the energy balance (21) into the equation for pressure, as indicated by Equations (31)—(34). In
order to update the internal energy field, though, we prefer to use the energy balance in the
form of Equation (22), which allows the direct utilization of the newly computed mass—
velocity G"* 1.

The Petrov—Galerkin/least-squares based approach is also used to derive the scheme for
energy update. Here, the local residual of the energy equation (22) is written as

éntl_gn oe"t " y 04y yEe ., oy
F o= ppntl2 447 b ~n a
" < At b o, RePr axb Re Fav 0x,

An+1 __ an aAn+1 1_(1) aén 66"“
—yEc[Hﬂl—cD])ﬁz” +< )G"+‘,,+c1>2 LA }

At ox, Fr? Pox,  Fr? ox,
(60)
and the summation of squared residuals on the domain is given by
S = f A7, dQ. (61)
Q
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Minimizing the squared residuals S with respect to the free nodal values e?*! and
considering the boundary conditions given by Equations (47) and (48), we obtain

ON. An+1/2 a”n+1
f(N,-—kGlAzﬁf '>y'0 (é"“+01AtﬁZZ >d9=
Q

ox, At X,
ON;\ pr+i2 oe" y 0N,
N+ 0,At " — 6" — 0,At i} — | dQ -G dQ
L ( i+ AL éxr>y A \© 280 0x, + o RePr 0x, 7
Y _ . ON;\ yEc . ou’
— Ngdr N, + 0,At 4" — g dQ —
L Repr " + L ( it AT axc> Re 0x,,

ON, 0g?: N, prtl — pr op"+!
j P g Argn i dQ+f <N,.+01Azﬁg '>yEc[p[p+(l—<D1)ﬁZp }
I Q

, RePr """ "¢ 0x, 0x, ox, A 0x,
N, 1—®)\ A " @ Gt
Q N,+ 0,At 4" — |yE nilg 4 @y ) — 4 —— Q
x d +JQ< ;U AUy axc>7 C|:< 2 >Gb gy + Dy uj 5xb+FV2 ox, dQ,
V free e? 1! (62)

3.4. Local time stepping

The choice of time step is of foremost importance for the accuracy and stability of the method.
Note that the Petrov—Galerkin weightings, and the associated stabilization terms, are parame-
terized by the time step. The stabilization terms can be also interpreted as artificial dissipation.
Here, though, such terms arise naturally from the derivation, rather than being added «
posteriori.

For linear elements, a proper amount of streamline upwinding is introduced in the momen-
tum balance choosing the time step as

CRe 2 he
At =| coth =& ) = | "<
t |:cot < > )CR3:| H“n , (63)

where Hu“H is the velocity modulus and /4, is the characteristic element size (the square root of
the element area). The element Reynolds number C,, and the problem Reynolds number Re
are related as follows:

c&:p“:lhfzze. (64)

It is important to recall that the variables and governing equations have been non-
dimensionalized. Thus, the time step, velocity, physical properties and element size in Equa-
tions (63) and (64) are non-dimensional quantities. The corresponding dimensional values can
be readily obtained using the reference scales for length (L), velocity (i), density (p,), viscosity
(o) and time (L /u).
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The above time step choice is appropriate to follow the time evolution of the momentum
convection—diffusion processes resolvable in a mesh with size /,, as argued by De Sampaio et
al. [9]. Indeed, Equation (63) gives for the pure convection limit, i.e. Cr, — 0,

h,
At = W]’ (65)

whereas for pure diffusion (Cg, = 0) it yields

_Lphe

Ar==-""¢Re. (66)
6 u

The relationship between the time step given by Equation (63), also called the intrinsic time
scale, and the modelling (filtering) of the subgrid scales was investigated in a recent paper by
Hughes [10].

On the other hand, to introduce optimal upwinding in the fluid energy equation we have to
replace the element Reynolds number in Equation (63) by the element Peclet number,

Cp, = @ RePr. 67)

Clearly, the time scales for the momentum and energy equations may differ. Furthermore,
note that the time step given by Equation (63) varies spatially according to local values of
velocity, physical properties and mesh size. Thus, if optimal upwinding is to be introduced in
both momentum and energy balances, we need to consider two distinct spatially varying time
step distributions.

We employ here an algorithm that allows each degree of freedom to advance in time
according to its own local time step, while interpolated results are periodically output at fixed
times [11]. The algorithm starts with all degrees of freedom active and with variables defined
at time ¢”. Then, it proceeds as follows:

(a) Set element time steps for mass—velocity using the corresponding Cp, and element time
steps for internal energy and pressure using the corresponding Chp,.

(b) Project the element time step values onto mesh nodes, obtaining nodal time step
distributions for G,, p and é.

(c) Choose an interpolation time step At,,, between the minimum (Az_;,) and the maximum
(At,,.,) time scales.

(d) Define the interpolation time level z,,, = t" + At,,,.

(e) Solve sequentially Equations (49), (43), (59) and (62) for the active degrees of freedom
using the respective nodal time step distributions.

(f) Interpolate, on the time domain, the degrees of freedom whose tracked time have

exceeded f,,, and freeze their interpolated values at 7,,,. These degrees of freedom are

temporarily removed from the list of active variables and treated as pseudo boundary
conditions for the problem defined in terms of the remaining active variables.
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(g) Are there any active variables left?
If yes
gl) Recompute the local time steps for the remaining active variables and return to step
(e).
Else
g2) Output the solution at #;,,.
g3) Release the inactive (frozen) degrees of freedom.
g4) Redefine " =¢,,, and return to step (a).
End if

The process continues until the required analysis time interval has been covered. Note that
the extra bookkeeping needed for tracking each degree of freedom time position pays off in
computational effort, for degrees of freedom associated with larger time steps are updated less
frequently than those associated to smaller ones. The algorithm described above leads to a
weighting function adaptive method, where the local time step is adjusted according to the
local velocity, physical properties and mesh size, aiming to optimize the approximation on a
given mesh.

3.4.1. Neglecting the pressure time scale in nearly incompressible flows. The time scales
associated with pressure transients have not been considered when defining the local time
steps. In fact, we are only concerned with the time scales of the momentum and energy
transfers that occur through convection—diffusion processes. However, as the incompressible
limit is approached (M « 1), pressure waves travel much faster than the flow itself. In such a
case, pressure transients occur much faster than we are able to capture and stability will
depend on the algorithm’s ability to damp the corresponding pressure errors.

For schemes that approximate pressure explicitly, ignoring the pressure time scales leads to
instability. However, that is not the case for the present method: the pressure terms in the
pressure equation (43) are approximated using a fully implicit time discretization. This permits
stability to be retained, despite neglecting the short time scales associated with fast pressure
waves.

3.5. Adaptive remeshing

A remeshing scheme concerns only the spatial discretization. However, when dealing with
transient processes, the overall error in the solution is associated not only with the spatial
discretization, but also with the time integration of the governing equations. Thus, some form
of time step adaptation is necessary, as far as a transient analysis is concerned.

In this work, the a posteriori error estimator proposed by Zienkiewicz and Zhu [12] is used
to estimate the velocity gradient error and to guide the remeshing. The scheme is designed to
generate meshes containing a controlled number of elements, in such a way that the velocity
gradient error becomes evenly distributed. The remeshing procedure is fully automatic and
triggered during a transient analysis whenever the relative variation of the estimated error
exceeds a preset value [13].

The local time stepping algorithm is used in conjunction with the remeshing scheme. This
permits linking spatial and time step refinement through Equation (63) and naturally leads to
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a simultaneous time—space adaptive procedure. Indeed, whenever the remeshing scheme
creates some local refinement to better resolve a particular flow feature, the time step
distribution is also adapted accordingly, so that the corresponding time evolution can be
appropriately followed.

It is important to remark that although our formulation is formally O(At), the use of the
time—space adaptive procedure allows for the local refinement of the time step itself. As a
consequence, despite the formal first-order accuracy, our procedure can lead to better time
discretizations than methods showing a formal higher-order accuracy, but which assume a
constant time step throughout the analysis domain.

4. NUMERICAL EXAMPLES

The formulation presented in the previous sections has been applied to the analysis of some
representative internal and external flows, covering a wide range of Mach numbers. The
thermodynamic and transport properties of air were used in all examples. Sutherland’s formula
[14] was used to compute the viscosity and a constant Prandtl number of 0.72 was assumed.

4.1. Circular cylinder in cross-flow

We consider here the problem of a circular cylinder in cross-flow. This is a transient, nearly
incompressible, external flow application. The Reynolds and Mach numbers for the analysis
are based on the free-stream conditions. The cylinder diameter D is used as reference length.

Experiments show that a steady state solution, with symmetric vortices appearing behind the
cylinder, occurs up to Re=40. For laminar flows at higher Reynolds numbers, there is a
periodic shedding of vortices, forming what is called a Von Karmann vortex street [15]. The
frequency f of the periodic flow is non-dimensionalized by the Strouhal number St =f D /u,.
Hammache and Gharib [16] obtained experimentally the relation St = 0.212-5.35/Re between
the Strouhal and the Reynolds numbers.

A numerical simulation for Re=100 and M =0.1 was performed. The meshes in the
beginning of the analysis typically have 2000 elements. However, as the periodic flow is
established, the number of elements in the adaptive meshes increases to about 5000 elements,
becoming nearly constant thereafter.

Figure 1 shows the periodic vortex shedding behind the cylinder. Figure 2 presents two
typical adapted meshes generated during the transient simulation. The oscillation frequency f
obtained from the numerical analysis yields a Strouhal number Sz = 0.160, in good agreement
with the value of St =0.158 predicted by the experimental correlation [16].

4.2. Thermal stratification in a square cavity

Air is initially at rest and thermal equilibrium, at temperature ¢, =300 K and atmospheric
pressure, when the temperatures at the left and right vertical walls are suddenly modified to
0, =301.5 K and 0 =298.5 K respectively. The horizontal walls are considered adiabatic and
no-slip boundary conditions are applied to all solid boundaries.
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Figure 1. Periodic formation of vortices behind a circular cylinder in cross-flow for Re =100 and
M=0.1.
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Figure 2. Typical adapted meshed generated in the simulation of the cylinder in cross-flow problem.
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Figure 3. Thermal stratification in a square cavity (GrPr
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The imposed temperature boundary conditions induce buoyancy forces and lead to a free
convection stratified flow inside the cavity. Results are parameterized by the Grashof (Gr =
plg|f,AOL?/uf) and Prandtl numbers. The height of the cavity is chosen as the characteristic
length L. The reference thermodynamic and transport properties are those corresponding to
the initial state.

Figure 3 shows temperature and Mach number contours for GrPr = 10° and Pr = 0.72, after
the steady state has been reached. The final adaptive mesh contains 2947 nodes and 5636
elements. Note that the maximum local Mach number in this analysis was as low as
1.35 x 104,

Heat transfer data is presented in the form of the Nusselt number. This is given by
Nu=q,L/k,AO, where ¢, is the wall heat flux. Figure 4 shows the Nusselt number distribu-
tion along the cold wall at steady state. The average value Nu obtained in our computation is
4.47936, which is close to the benchmark value [17] of 4.52188.

4.3. Compressible flow around an NACAO0012 airfoil

We consider here two examples of external compressible flow around a NACAO0012 airfoil. In
both cases, the reference properties and the reference velocity are those corresponding to the
free stream. The airfoil chord is chosen as the characteristic length L.

4.3.1. Transonic flow. The first example is a transonic flow with M =0.85, Re =500 and 0°
incidence. A fixed mesh, refined close to the airfoil surface, was used in this steady state
analysis. Local time steps were computed as described in Section 3.4. However, as we were

[¢)]
L 1
N

v

2 y S -~
, i

Nusselt number

4
1 —
0 ; .
-05 04 030201 0 01 02 03 04 05

y-coordinate along the cold wall

Figure 4. Thermal stratification in a square cavity (GrPr = 10° and Pr = 0.72): Nusselt number distribu-
tion along the cold wall.
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Figure 5. Flow around an NACAO0012 airfoil with M = 0.85, Re =500 and 0° incidence: fixed mesh
containing 5328 nodes and 10238 elements.
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Figure 6. Flow around an NACAO0012 airfoil with M = 0.85, Re =500 and 0° incidence: convergence
history.
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Figure 7. Flow around an NACAO0012 airfoil with M =0.85, Re =500 and 0° incidence: (a) density
contours; (b) Mach number contours.
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interested in steady state results only, the computation was allowed to proceed freely, without
resorting to time interpolation.

Mass—velocity and temperature are imposed as boundary conditions at the inflow boundary
while pressure is imposed at the outflow. At the airfoil surface, the no-slip velocity condition
is applied together with a uniform temperature corresponding to the free-stream stagnation
value.

The mesh employed is depicted in Figure 5. The minimum element size is 0.004 L. The
convergence towards the steady state solution is presented in Figure 6. Figure 7 shows the
density and Mach number contours. The friction coefficient along the chord is depicted in
Figure 8. This result is in good agreement with the friction coefficient presented by Nigro et
al. [18] and Shakib [19].

4.3.2. Supersonic flow. The second example is a supersonic flow at M = 2.0, Re = 106 and 10°
incidence. Mass—velocity, temperature and pressure are imposed at the supersonic inflow
boundary. The no-slip velocity condition is applied at the airfoil surface, which is assumed
adiabatic. No boundary conditions are imposed at the supersonic outflow.

In this example, we have performed a transient, time—space adaptive computation. Here, the
remeshing procedure was employed to construct meshes according to the estimated error on
velocity gradients, while local time steps were adjusted according to the resulting element sizes
and physical conditions. The time interpolation algorithm described in Section 3.4 was
employed to synchronize the computation.

The transient was run from * =0 to * =10. At ¢* = 10, the computation is virtually at
steady state, with a residual of 0.001. Figure 9 shows the analysis domain and the final
adaptive mesh containing 7266 nodes and 14185 elements. The minimum element size is

Naca0012 (M=0.85, Re=500)
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Figure 8. Flow around an NACAOQ0012 airfoil with M =0.85, Re=1500 and 0° incidence: friction
coefficient along the chord.
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Figure 9. Flow around an NACAO0012 airfoil with M =2, Re=106 and 0° incidence: (a) analysis
domain; (b) detail of the mesh close to the airfoil.
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®)

Figure 10. Flow around an NACAO0012 airfoil with M =2, Re=106 and 10° incidence: (a) density
contours; (b) Mach number contours.
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Y A=(-0.21432,0.06376)
B=(0.96744,0.27208)

Naca0012 (M=2, Re=106)

2,8
24

2
1.6
1.2
0.8
04

0 :
02 0 02 04 06 08 1
Position along line AB

{ = Numerical
. O Experimental

Density

Figure 11. Flow around an NACAO0012 airfoil with M =2, Re =106 and 10° incidence: comparison
between numerical and experimental density data [20].

0.01 L. In particular, note the refinement on the regions comprising the frontal shock and the
boundary layer. Density and Mach number contours on the vicinity of the airfoil are shown
in Figure 10. Figure 11 presents a comparison between the computed density field and the
corresponding experimental data obtained by Allegre et al. [20]. The comparison is made on
the straight line AB, shown in Figure 11, which runs through the shock into the rarefaction
zone. Note the good agreement between the numerical and the experimental density data.

5. CONCLUDING REMARKS

A new finite element formulation designed for the analysis of both compressible and nearly
incompressible fluid dynamics has been presented. The method has shown good performance
in the solution of some representative internal and external flows, ranging from the subsonic
to the supersonic regime.

In particular, it has been possible to simulate some very small Mach number flows, without
resorting to the incompressible model, and thus retaining the state equation of the fluid. This
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is an attractive feature of the present formulation, as we intend to use it for the analysis of
two-phase steam/water flows, where preserving the fluid thermodynamic relations is of
foremost importance.

The numerical methods presented herein for two-dimensional laminar flows naturally extend
for the analysis of three-dimensional problems and for the computation of turbulent flows with
the Reynolds-averaged equations.
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